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Level Lines of the Gaussian Free Field with 
general boundary data 

Ellen Powell and Hao Wu 

Abstract 

We study the level lines of a Gaussian free field in a planar domain with general boundary data F. We show that 
the level lines exist as continuous curves under the assumption that F is regulated (i.e., admits finite left and right 
limits at every point), and satisfies certain inequalities. Moreover, these level lines are a.s. determined by the field. 
This allows us to define and study a generalization of the SLE4(p) process, now with a continuum of force points. 
A crucial ingredient is a monotonicity property in terms of the boundary data which strengthens a result of Miller 
and Sheffield and is also of independent interest. 

1 Introduction 

The relationship between Schramm-Loewner Evolution (SEE) and the two-dimensional Gaussian free field (GEE) 
is at the heart of recent breakthroughs in Eiouville quantum gravity, imaginary geometry and more generally, 
random conformal geometry. Starting with the seminal papers of llDub09L IISS13L IISS09I . one key idea is to make 
sense of SEE-type curves as a level lines of an underlying Gaussian free field hina domain, which we take to be the 
upper half plane H without loss of generality in the rest of the paper. When the field h is given the boundary values 
A := 7r/2 on M+ and —A on M_, the corresponding level line is a chordal SEE4 curve. A considerable extension of 
that theory is described in ||MS16al . which introduced the notion of flow lines and counter flow lines of the GEE. In 
this case it turns out that the curves are given by SEE^; processes with K G (0,4) and K G (4,00) respectively. 

It is also natural to wonder for which sort of boundary data the notion of level line makes sense. In ||MS16al 
and IIWW16I . the hypothesis on the boundary data is extended from the above to any arbitrary piecewise constant 
function on the real line. The goal of this paper will be to relax this assumption. Assuming solely that the boundary 
data F is a regulated function, i.e., the left and right limits 

F{t^)= lim F(t F{t^)= lim F{t-\-h) (1.1) 

/!-> 0 + h^O- 

exist and are finite for all t G M, and that for some c > 0 

F{x)<X—c, X < 0; F(x)>—A-l-c, x>0 (1.2) 

which roughly corresponds to the non existence of a continuation threshold, we can show that the corresponding 
level line is well defined almost surely as a continuous transient curve. Moreover, it is almost surely determined by 
the field. 

This also allows us, for a zero boundary GEE h, to consider the set of level lines of different heights. By this 
we mean the level lines of h + F, where F ranges over (the bounded harmonic extensions of) all regulated functions 
on M. Strengthening the results of HMSlhaL IIWW161I . we are able to prove a general monotonicity principle for 
the level lines, which is both a key tool in our existence proof, and an interesting result in its own right. This is 
deeply intertwined with the reversibility property of the level lines, which we are also able to prove in general; see 
Theorems 11.41 and 11.51 
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A further point of interest is that we obtain some continuity in the level lines as a consequence of our proof. 
That is, if we take a sequence of piecewise constant functions converging monotonically uniformly to some F, 
then the level lines of height ¥„ for a zero boundary GFF converge almost surely to the level line of height F. This 
convergence is with respect to Hausdorff distance, after conformally mapping everything to the unit disc. 

We remark that our hypothesis on the boundary data is satisfied by a wide range of functions, including the 
special class of functions of bounded variation. Any such function can be described almost everywhere as the 
integral of a finite Radon measure p, and this connection allows us to deduce that the marginal law of a level line 
with such boundary data is given by what we call an SLE 4 (p) process. This is the natural analogue of an SLE 4 (p) 
process, where the vector p is replaced by a measure. Our results therefore demonstrate the existence of such 
processes, as well as establishing some further properties. 

We first recall the definition of what it means for a curve, and more generally a Eoewner chain, to be a level 
line. If we have a Eoewner chain {Kt d> 0) in H, with associated sequence of conformal maps : El \ .S', —)> H, 
we will often want to describe the image under gt of a point x on the real line. To do this, for any x < 0 we define 
a process V/^{x) by seffing if equal fo gt{x) if x f: Kt and if x G Kt, faking if fo be fhe image of fhe leffmosf poinf 
of Mn A'f under gt. We define a process V^{x) for x > 0 analogously. The process V^{x) for x G M_, or Ff^(x) for 
X G M+, is whaf we define fo be fhe image of x under gt. 

Definition 1.1 ( IIMS16al IWW16l f. Suppose that F is with respect to harmonic measure on M viewed from 
some point in El and that h is a zero boundary GFF in El. If [Kt d> 0) is a Loewner chain and {gt,t > 0) is the 
corresponding sequence of conformal maps, set ft = gt —Wt, and let Vt^{x) (resp. be the image ofx>0 

(resp. X <0) under gt. Let rj^ be the bounded harmonic function on El with boundary values (see Figure \Ll\ 

>(/r'w), ifx>Vt^io+)-Wt, 

X, if0<x<V/^(0+)-Wt, 

' -X, ifVt^{0-)-Wt <x<0, 

F{ft-\x)), ifx<Vt^{0-)-Wt. 

Define, for z G El \ 

Vr(z) = r]!’(ft(z))- 

'We say that K is a level line ofh + F if there exists a coupling (h,K) such that the following domain Markov 
property holds: for any finite K-stopping time z, given K^, the conditional law of {h+F)\^\j^^ is equal to the law 
of ho fT + r\i:- 


Kr 



Fig. 1.1 : The left hand side shows the boundary values of the harmonie funetion rjf in ]HI\ArT:. This is 
the image under ff^ of the harmonie funetion in H, whose boundary values are shown on 
the right hand side. 

Note that this definition is the same for any two functions Fi and F 2 which are equal almost everywhere, since 
the harmonic extensions of such functions are necessarily equal. From Definition [ET] we can see that the so-called 
level lines of the GFF have an intriguing property that distinguishes them from level lines of an ordinary smooth 
function. Namely, once one conditions on a level line, the conditional expectation of the field on one side of the 
curve differs by 2X from the value on the other side. In a sense, a level line is more like a “level cliff’ where there 
is a prescribed jump between the two sides of the curve. 
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More generally, we say that a Loewner ehain {Kt ,t> 0) is a level line of a GFF hina. domain D from a edD 
to b ^ dD if > 0) is a level line of (p{h) as in Definition |1.1[ where <p is a conformal map from D —)■ El 

sending a to 0 and b to oo. 

Theorem 1.2. [ Coupling] Assume the same notations as in Definition \l. 1\ Suppose that the function F is regulated 
and satisfies l \1.2} for some c > 0. Then there exists a coupling satisfying the conditions in Definition \l.l\ Moreover, 
in this coupling, the Loewner chain K is almost surely generated by a continuous and transient curve y with almost 
surely continuous driving function. 


The inequality on F in Theorem |1.2| guarantees that the corresponding level line will reach its target point oo 
before “dying” at some continuation threshold. Indeed, the level line of a GFF with piecewise constant boundary 
data is only defined until the first time that it hits a section of M+ where the boundary data is less than —A or a 
section of ]R_ where it is greater than A. In our case, if we allowed F to approach —A (resp. A) at some point in 
M+ (resp. in M_), then our current framework would not control the behaviour of the level line around this point 
(see discussion below.) Thus, we do not treat this situation here. 


Theorem 1.3. [Determination] If {h, y) are coupled as in Theorem 1.2 then y is almost surely determined by h. 
Moreover, the curve y is almost surely simple. We call y the level line ofh-\-F. 


With this in hand, we can consider the collection of level lines determined by a given field. The following two 
theorems describe the interactions between the curves; corresponding to what one might expect from the level lines 
of a smooth function. 


Theorem 1.4. [Monotonicity] Suppose that F,G are functions satisfying the conditions in Theorem 1.2 and that 
Fix) > G{x) for X G M. Suppose that h is a zero boundary GFF on El and yp (resp. yc) is the level line of h-\-F 
(resp. h + G). Then yp lies to the left of yc almost surely. 

Theorem 1.5. [Reversibility] Suppose that h is a GFF on El whose boundary value satisfies the conditions in 
Theorem \I.2\ Let y be the level line of h from 0 to °° and / be the level line of—h from oo to 0. Then the two paths 
y and / (viewed as sets) are equal almost surely. 

Now we will explain the relevance of Conditions o* and ( |1.2[ ), which we need for our approach to work. 
Although one can make sense of what it means to be a level line ofh+F for any F in L} (as in Definition |l.l| , before 
this work the existence of the coupling was only known for piecewise constant boundary data. The assumption 
that the boundary data F is regulated corresponds precisely to the fact that F can be uniformly approximated by 
piecewise constant functions. Indeed, our argument will use an approximation of F by such functions, and a limit 
of the corresponding level lines. Thus with our current approach we are unable to say anything about functions 
which are not regulated. However, since Definition o still makes sense for a wider class of functions, it is an 
interesting question to determine the most general restrictions under which a coupling exists. For example, if one 
takes a GFF with boundary data which is —A in a neighbourhood to the left of 0 and A in a neighbourhood to the 
right of 0 then one can allow much rougher boundary data away from these neighbourhoods (for example, even 
Neumann boundary conditions, see HKIISIH . and construct a weaker form of “local coupling” with an SLE variant. 
Whether these types of coupling can be extended to a strong coupling as in Definition |1.1[ where the curve is also 
determined by the field, or whether the condition near 0 can be relaxed is currently unknown. 

Concerning Condition ( |1.2[ ); the key to the proof of Theorem |1. 2 1 is the continuity and transience of the approx¬ 
imating level lines (with piecewise constant boundary data). This allows us to use the results of IIKS16II (see details 
in Section to obtain a continuous limiting curve. If Condition ( |1.2[ ) failed, the approximating level lines would 
only be defined up to a continuation threshold, and we would not be able to obtain such a limit. The continuity of 
the limiting curve is absolutely crucial to the proofs of Theorems 1.3 to 1.5 In fact, if the existence and the con¬ 


tinuity of level lines were obtained for other boundary data, one could use similar proofs to get the corresponding 
theorems. However, whether continuity still holds in this set up is also a difficult open problem. Although it is 
natural to conjecture that for general regulated boundary data the level line will exist as a continuous curve until 
hitting a point on the boundary where Condition (1.2i fails, a “continuation threshold” as in llMS16al . llWW16ll . it 
is unclear whether or not the continuity will break down around this point. 
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Finally, we identify the law of the level lines. It is proved in HMSlhal IWW16II that the level lines of GFF with 
piecewise constant boundary data are SLE 4 (p) processes where p is a vector. In our context, when the boundary 
data is of bounded variation, the level lines turn out to be SLE 4 (p) processes, where p is now a Radon measure. 
With the help of the GEE, we are able to obtain the existence, the continuity, and the reversibility of such processes, 
properties which are far from clear by the definition of the process through Eoewner evolution. 


in the coupling (h, 7 ) given by Theorem 
2.5) where p^ (resp. 


Theorem 1.6. Assume the same notations as in Theorem \1.2\ Suppose further that F is of bounded variation. Then 

the marginal law of y is that of an SEE 4 (p^;p^) process (see Section 
is a finite Radon measure on IR+ (resp. on and 


F(x) = A(l+p^([ 0 ,x])), x> 0 ; 

F(x) =-X(l+p^{{x,0])), x<0 


almost everywhere. In particular, we have the following properties of the SEE 4 (p^;p^) process. Suppose that there 
exists c > 0 such that 

p^((x,0]) > —2 + c, X < 0, p^([0,x]) > —2+ c, X > 0. 

Then 

(1) There exists a law on continuous curves from Q to °° in H with almost surely continuous driving functions, 
for which the associated Loewner chain is an arSEE 4 (p^; p^) process. 

(2) The above continuous curve is almost surely simple and transient. 

(3) The time reversal of the above SEE 4 (p^;p^) process has the same law as SEE 4 (p^;p^) ,where 

=P^((-^>0]), x<0; p^((x,oo]) =p«([0,x]), x>0. 


Remark 1.7. Although Theorem 


1.6 


gives us existence o/SEE 4 (p^;p^) processes, we do not derive uniqueness in 


law. That is, we have not excluded the possibility that there exists another law on Loewner chains satisfying the 
definition of an SEE 4 (p^;p^) process. 


Remark 1.8. Item (3) is the so-called reversibility o/SEE. 
in l[Zha08b\l , for SEEk;(p) where p is a vector in KZha08a\ ?, \MS16b\ \WW13^ . In Theorem 1.6 
reversibility o/SEE 4 (p) where p is a Radon measure. 


The reversibility was derived previously for SEE^- 

we derive the 


Outline. The structure of the paper is as follows. In Section|^ we discuss briefly the necessary background theory, 
and collect some results that will be important to us. We also define the class of SEEk-(p) process and generalize 
some of the theory from llMS16al . IIWW161 which will help us in the sequel. In Sections and we set up a 
general framework for the level lines of a GEE, under the assumption that they exist and are given by continuous 
transient curves. In particular, we show that they are monotonic in the boundary data, and describe where they can 
and cannot hit the boundary. Sections and address the existence of continuous transient curves which can be 
coupled as level lines of a GEE, provided the boundary data satisfies the conditions of Theorem 1.2 The proof of 
this is via an approximation argument; using a general theory for the weak convergence of curves, as set out in 
IKS 161 . The key point in the proof is the monotonicity obtained in Section|^ In Sectionj^we prove Theorems 1.3 
to 1.5 using the ideas from SectionsandEinally, we complete the proof of Theorem|1.6|in Sectionj^ 
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2 Preliminaries 

2.1 Regulated functions and functions of bounded variation 

We say that a function F on M is regulated if it admits finite left and right limits 


F{v) = lim F{t + h)-, 


/j—>0+ 


F{t )= lim F{t + h) 

/H’O- 


at every point f G M, including oo. Equivalently, see IIDie69l Secion 7.6], F is regulated if it can be uniformly approx¬ 
imated on M by piecewise constant functions which change value only finitely many times. It is this formulation of 
the definition that will be useful to us in the sequel. 

Another type of function which is of particular interest in the current paper is the class of functions of bounded 
variation. Let us consider the connection (2.31 between pairs of Radon measures (p^;p^) and functions F on the 


real line. We saw above that piecewise constant functions correspond to purely atomic measures. In general, finite 
Radon measures are in one-to-one correspondence with right-continuous functions of bounded variation. 

The space of functions of bounded variation are those F which satisfy 


sup 

a<b 



. ^ \F{xi) —F{xi -\)I : {xi} a finite partition of [a^b] 


<c 


For a proof of this equivalence, see IIFol99l Theorem 3.29]. Note that these functions are clearly regulated. So, 
provided they satisfy the correct bounds on and M+, functions of bounded variation meet the conditions of 
Theorem ll.2l 

Furthermore, if a bounded variation function is also absolutely continuous, then the corresponding measures 
(p^;p^) are absolutely continuous with respect to Lebesgue measure, and writing 


p^{dx) = f^{x)dx, {dx) = {x) dx 


we have that the function is differentiable almost everywhere with derivative equal to f^{x) on and f^{x) on 

M+. 


2.2 A result on the convergence of curves 

To show existence of the level line of a GFF with general boundary data as given in Theorem |1.2[ we will attempt 
to approximate it by level lines of the field wifh piecewise consfanf boundary dafa. For fhis, a resulf from IIKS16I 
on fhe weak convergence of curves, safisfying cerfain conditions on crossing probabilifies, will be crucial. 

In order fo sfafe fhe resulf, we need fo define whaf we mean by crossings of topological quadrilaterals. 

Definition 2.1. A topological quadrilateral Q = {V',Sk,k = 0,l,2,3) consists of a domain V, along with four bound¬ 
ary arcs Sq,S\,S 2 ,S^, which can be mapped homeomorphically to a square in such a way that the boundary arcs 
are in counterclockwise order and correspond to the edges of the square. For any topological quadrilateral, there 
exists a unique positive L and a conformal map from Q onto the rectangle [0,L] x [0,1], such that the boundary arcs 
are mapped to the edges of the quadrilateral and, in particular, Sq is mapped to {0} x [0,1]. We call this unique L 
the modulus of Q, denoted by m{Q). 

Definition 2.2. We will often consider topological quadrilaterals in El which lie on the boundary in the sense that 
Si, S3 C M and So,S2 C El. If we have such a quadrilateral, then we say that a curve 7 : [TojTi] —?■ C crosses Q if 
there is a subinterval [toAi] C [7b, Ti], such that y{tQ,t\) C V but /[toAi] intersects both Sq and 82 - 

Essentially, the condition that will be required for weak convergence will be the following: 
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Condition 2.3. For any simple curve y onM.we say that Q is a topological quadrilateral inFlx := El \ /[O, t] if it is 
the image of the square (0,1)^ under a homeomorphism tp. We define the sides of Q: ^o, Si, 52 , S 3 , to be the images 
of 

{ 0 }x( 0 ,l), ( 0 , 1 ) x{ 0 }, {l}x( 0 ,l), ( 0 , 1 ) x{l} 

under y/. We consider Q such that the opposite sides Si,S 3 are contained in dFIt and define a crossing of Q to be 
a curve in Fit which connects the two opposite sides So and S 2 . Finally, we say that Q is avoidable if it doesn ’t 
disconnect 7 (t) and °° inside Ht. 

A family Z of probability measures on simple curves from Q to °° in El is said to satisfy a conformal bound on 
an unforced crossing if there exists a constant M > 0 such that for any P G £, for any stopping time T, and any 
avoidable quadrilateral Q ofH-c whose modulus m{Q) is greater than M, 

F{y[r ,00'j crossesQ \ 7[0,t]) < 1/2. 



(a) An avoidable quadrilateral of = El \ 7 ( 0 , t]. (b) An unavoidable quadrilateral of //.i, = El \ 7 ( 0 , t]. 

Fig. 2.1 


Now we may state the result. 


Proposition 2.4. Suppose that {W^"'^)n^n A a sequence of driving processes of r ando m Loewner chains that are 
generated by continuous simple random cuves (7^”^)mgN in El, satisfying Condition 2.3 Suppose that the (7^”^)nGN 
are parameterized by half plane capacity. Then 


• (VF^"^)„gr!i is tight in the metrisable space of continuous functions on [ 0 ,°°) with the topology of uniform 
convergence on compact subsets 0 / [ 0 ,°°). 

• ( 7 *^”^)neN A tight in the metrisable space of continuous functions on [ 0 ,°°) with the topology of uniform 
convergence on the compact subsets of [ 0 ,°°). 


Moreover, if the sequence converges weakly in either of the topologies above, then it also converges weakly in the 
other and the limits agree in the sense that the law of the limiting random curve is the same as the that of the 
random curve generated under the law of the limiting driving process. In particular, any subsequential limit of the 
sequence of curves a.s. generates a Loewner chain with continuous driving function. 

Proof. This may be found in IIKS16II cf. Theorem 1.5 and Corollary 1.7. □ 

In fact, we will need to apply this theorem when the curves ( 7 ^”^)mgN correspond to certain SLE 4 (p^;p^) 
processes. In this case they may hit the real line, and so are not necessarily contained in El, as required by the 
Proposition. However, as discussed before the proof of Theorem 1.10 in IIKS16L the result extends to curves such 
as ours, and so we may apply it without concern. 
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2.3 The zero boundary Gaussian free field 

In this section we will describe the zero boundary Gaussian free field (GFF) in an arbitrary domain D C C. We will 
always assume that the domain has harmonically non-trivial boundary, meaning that a Brownian motion started 
from a point in the interior will hit the boundary almost surely. 

We start with the Green’s function Go in D, which is the unique function in D such that 

• AGd{z, •) = 2n5^{-) for each z^D, and 

• Gd{z,w) = 0 if z or w is in dD. 


Explicitly, 


Gd{z,w) = -log|z-w| -Gj;(w) 


where G^{w) is the harmonic extension of w i—)• — log \z — w\ from dD to D. The Green’s function is conformally 
invariant in the sense that for any conformal map (j) on D, and z,w G D, we have 


GDiz,w) = G^(£,)((/)(z),0(w)). 

Roughly speaking, the GFF will be the random Gaussian “function” on D with cov(h(z},h(w}) = GoiZjw). 
However, it can only be made sense of rigorously as a random distribution on D. For Hs{D) the space of smooth 
compactly supported functions on D, we let (•, •) denote the normal inner product on Hs{D). We may also endow 
Hs{D) with the Dirichlet inner product defined by 

(/,g)v = ^^V/(z) • Vg(z)r/^z 

and we denofe ifs Hilberf space complefion under Dirichlef inner producf by H{D). 

For {^n}n>Q an orfhonormal basis of H{D), we define fhe zero boundary GFF h fo be fhe random sum h := 
where fhe a„’s are i.i.d. Gaussians wifh mean 0 and variance 1. This almost surely diverges in H{D), 
but makes sense as a distribution. That is, the limit := {h,p) almost surely exists for each p G Hs{D), 

and p I—> {h,p) is almost surely a continuous linear functional on Hs{D). Note that for any / G Hs{D) we have that 
—A/ = pis also in Hs{D) and so can define 

(hJh ■= 

Then {h,f)^ is a Gaussian wifh mean 0 and variance 

= £(</>«,/)! = (/,/)v- 

n n 

In facl. Ibis characferizes fhe Gaussian free field. Furfhermore, noticing fhaf for p G Hs{D) 

A^^p-.= ^ [ GD{-,w)p{w)dw 
271 Jd 

is a smoofh function in D whose Laplacian is p and vanishes on dD, we see fhaf for any f,g,p,qG Hs{D) 

cov((/i,/)v,(/i,g)v) = (/,g)v, cov{{h,p),{h,q)) = / p{z)GD{z,w)q{w)d^zd^w. 

J JDxD 

Proposition 2.5. [The Markov Property] Let W G D be open and h be a zero boundary GFF on D. Then we can 
write 

h = h\+h2 

where hi and /i 2 are independent, hi is harmonic in W, and /i 2 is a zero boundary GFF in W. 
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This tells us that, given the conditional law of /j| w is that of a zero boundary GFF in W, plus the harmonic 

extension of to W. 

Suppose that F is Lt with respect to harmonic measure on M viewed from some point (hence every point) in 
H; we also denote its bounded harmonic extension to El by F. Then the GFF with mean F is defined to be the sum, 
h + F, of a zero boundary GFF and F. 

Proposition 2.6. Suppose that D\ and D 2 are two simply connected domains with non empty intersection, and hi is 
a zero boundary GFF on Difor i= 1,2. Let Fi be harmonic on Di, i= 1,2 and U G D\r\D 2 be a simply connected 
open domain. Then 

(1) Ifdist{U, dDj) > 0/or i = 1,2, then the laws of 

{hi+Fi)\u and (h 2 + F 2 )\u 


are mutually absolutely continuous. 

(2) Suppose there is a neighbourhood U GU' such that Di n 17' = D 2 H 17' and that Fi — F 2 tends to 0 along 
sequences approaching points in dDi n 17'. Then the laws of 

{hi+Fi)\u and {h 2 + F 2 )\u 


are mutually absolutely continuous. 

Proof. llMS16al Proposition 3.2]. □ 

2.4 Local sets for the GFF 

The theory of local sets for the Gaussian free field was firsl infroduced by Schramm and Sheffield in IISS13L and 
we quofe several of fheir resulfs here. For D a simply connected domain and A a random closed subsef of D, we lef 

As ■.= {z ^ D : d{z,A) < 5} 

and £/s he the smallest a-algebra for which A and the restriction of h to the interior of Ag are measurable. Setting 
£/ = riggQ^iz/g we obtain a a-algebra which is intuitively the smallest such making A, and h restricted to some 
infinitesimal neighbourhood of A, measurable. With this in mind, we will often refer to £/ as {A,h\A). 

Definition 2.7. Suppose that {h,A) is a coupling of a GFF in D and a random closed subset A G D. Then we say 
that A is a local set for h if either of the following equivalent statements hold: 

(1) For any deterministic open subset U G D we have that, given the orthogonal projection of h onto h^{U), 
the event {An 17 = 0} is independent of the orthogonal projection of h onto H{U). This means that the 
conditional probability of {A DU =0} given h is a measurable function of the orthogonal projection of h 
onto H^{U). 

(2) Given , the conditional law of h is that of hi +h 2 , for h a zero boundary GFF on D\ A and h\ an 
measurable random distribution which is almost surely harmonic on D\A. 

In this case, we let 'Wa be the conditional expectation ofh given (A,/j|a), corresponding to hi in Item (2). 

The interactions between local sets display some nice properties, which we will describe in the following 
propositions. 

Proposition 2.8. Suppose that Ai, A 2 are local sets for a GFF h, which are conditionally independent given h. 
Then A = Ai UA 2 is also local for h and moreover, given (Ai,A 2 ,A,/z|yi), the conditional law ofh is given by ‘^a 
plus an instance of the zero boundary GFF in D\A. 
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Proof. IISS131 Lemma 3.101. □ 

Proposition 2.9. Let Ai ,A 2 be connected local sets which are conditionally independent and A = Aj U A 2 . Then 
almost surely a harmonic function in D\A which tends to zero along any sequence converging to a 

limit in 

• a connected component 0 /A 2 \ Ai which is larger than a singleton, or 

• a connected component ofA \ n A 2 which is larger than a singleton, if the limit is at a positive distance from 
eitherA 2 \A\, orA\ \A 2 . 

Proof IISS131 Lemma 3.11] and IIMS16a[ Proposition 3.6]. □ 

Proposition 2.10. LetA\ ,A 2 be connected local sets which are conditionally independent and A = Ai UA 2 . Suppose 
that C is a o{Ai)-measurable connected component ofD \Ai such that {C nA 2 = 0} almost surely. Then %|c = 
\c almost surely, given Ai. 

Proof. llMS16al Proposition 3.7]. □ 

Proposition 2.11. Let h be a GFF and (Z(t) A > 0) a family of closed sets such that Z(t) is local for every Z- 
stopping time z. Suppose futher that for a fixed z ^ D, CR(z,Z)\Z(f)) is almost surly continuous and monotonic in 
t. Then, if we reparameterise time by 

logCR(z,D\Z(0))-logCR(z,D\Z(t)), 

the process ^z(t) ( 2 ) ~ "^(o) ( 2 ) a modification which is Brownian motion until the first time that Z{t) accumu¬ 
lates at z.. In particular, ^z{t) (^) ^ modification which is almost surely continuous in t. 

Proof. This is proved in llMS16al Proposition 6.5]. Since we need the argument in the proof later, we briefly recall 
the proof here. For 5 > 0, set 

t( 5) := inf{t > 0 : logCR(z,D\Z(0)) —logCR(z,D\Z(t)) = 5 }. 

We need only show that the increments of the process Z^z(t(«)) ( 2 ) independent, and stationary with Gaussian 
distribution. By llMS16a[ Lemma 6.4], we know that for any s <t, the conditional law of 

^Z{T(r)) (^) “ ^Z(i:(i)) (z); 

given (Z(t(5)),/j|2(^(^p), is a Gaussian with mean 0 and variance 

logCR(z,D\Z(T( 5 )))-logCR(z,D\Z(T(t)))=t- 5 . 

This means it must also be independent of {Z{z{s)),h\ 2 {^.j(s)))’ so of ^z(T(i))(z)- This completes the proof. □ 

2.5 SLE^(p) processes 

We call a compact set .S' C H an H-hull if // := B[\S' is simply connected. For any such hull one can show that 
there exists a unique conformal map (j) from // —)■ El which is normalized at 00 in the sense that 

, , . 2 a ,1, 

(p[z)=z-\ -Ko(-), asz-^ 00 , 

z z 

for some constant a which we call the half-plane capacity of K. For a continuous real-valued function iWtf > 0) 
with Wb = 0 we can define the solution gt (z) to the chordal Loewner equation 
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This is well defined for each z G El until the first time, t ( z ), that gt{z) — Wt hits 0. Setting /T? = {z G El: t ( z ) < f} 
and //, = El \ A'f we find that gt is the conformal map from Ht to El normalized at oo, and the half-plane capacity 
of Kt is equal to 2t. We call the family {Kt ,t> 0) the Loewner chain driven by {Wt,t > 0). One class of Loewner 
chains that we will be particularly interested in are those generated by continuous curves; that is, those for which 
there exists a continuous curve 7 such that Kt is the hull generated by 7 [ 0 ,t] for all t. 

Chordal SLE^- is the Loewner chain driven by Wt = \/KBt, where Bt is a standard one-dimensional Brownian 
motion. It is characterised by the special properties of conformal invariance and the domain Markov property. 
Specifically, > 0) has fhe same law as {Kt d> 0 ) for any ft > 0 , and for any stopping time T, the law of 

{fx{Kt+x)d > 0) is the same as that of K. Here := g^ — Wf. 

It is known that SLEr; is almost surely generated by a continuous curve for all ff. In the special case K G [0,4], it 
has also been shown that the curve is almost surely simple. Moreover we know that lim,^c» /(f) = 0 ° almost surely; 
a property we refer to as transience. These facts were all proved in IIRS05II . 


Definition 2.12. Let and p^ be finite Radon measures on = (—oo^O] and M-i- = [0,oo) respectively, and 
{Bt,t >0) be a standard one-dimensional Brownian motion. We say that {Wt, {Vt^{x))xeR-, (^r^(-^))xeR+),>o 
scribe an SLEk-(p^;P^) process, if they are adapted to the filtration ofB and the following hold: 


(1) The processes Wt, Bt, ttnt/ (^?^(-^))x 6 K+ the following SDK on time intervals where Wt 

does not collide with any of the Vt^’^{x): 


and 


dWt = y/icdBt + 


r p^jdx) \ 

jR^Wt-yfix)) 


dt -\- 



P^jdx) \ 
Wt-Vf{x)J 


dt 


dV^{x) = 


Idt 


Vt{x)-Wt- 


X G. 


dVt^{x) = 


2dt 


Vfi{x)-Wt' 


X G . 


(2.1) 

( 2 . 2 ) 


( 2 ) 


We have instantaneous reflection ofWt off the V)^’^(x), ie. it is almost surely the case that for Lebesgue 
almost all times t we have that Wt Vt^'^{x) for each x G M. 


The SLEk-(p^; P^) process is then defined to be the Loewner chain driven by W. 


Remark 2.13. Note that it is not immediate from the definition that such a process exists. Indeed, we will only 
show the existence for fc = 4 and a specific subset of (p^; p^). 


We define fhe continuation threshold of the process to be the be the infinum of values of t for which 

either p^ ({x G : E,^(x) = Wj) <-2 or p^ ({x G M+: V;^(x) = Wj) <-2. 

Observe that the case p^ = 0,p^ = 0 corresponds simply to SLEk-. Another special case is when the Radon 
measures are purely atomic. If this occurs we instead consider (p^; p^) to be a pair of vectors 

p^ = (pf,...,pf), p« = (pf,...,pf) 

with associated force points 

x^ = (xf < • • • < xf < 0), ^ = (0 < xf < • •-xf) 

in the obvious way. In this case, it is proved in llMS16al Theorem 2.2] that a slightly stronger version of Definition 


(z.zl at att times, this ensures me uniqueness m taw ot these processes. 

Through their connection with the GEE, which we will discuss in the next section, it was shown in IIMS16al 
that SLEk;(p^;p^) processes are almost surely generated by continuous curves up to and including the continuation 
threshold. Moreover, on the event that the continuation threshold is not hit before the curves reach 00 , the curves 
are almost surely transient. One can also show that the curves are absolutely continuous with respect to SLEk- as 
long as they are away from the boundary. 


2.12 


determines a unique law on SLEk-(p^;p^) processes, defined for all time up until the continuation threshold. 
The additional condition they impose is that Wt, Bt, and (V'f^(x))^gjg+ in fact must satisfy (2.1 1 and 
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2.6 Level lines of the GFF with piecewise constant boundary data 

As discussed in the introduction, the theory of level lines and flow lines of a GFF with piecewise constant boundary 
data has been studied previously in a number of works, including IIDub09ll . IIMS16al . llSS13ll and IIWW16II . We 
collect in this section some results that will be useful in our article. 

Suppose that F is a bounded harmonic function in El whose boundary value is piecewise constant on M and 
changes only finitely many times. Then F can be described almost everywhere in terms of a pair of purely atomic 
finite Radon measures (p^;p^), corresponding to vectors (p^;p^), via the relation 

F(v) = A(1+p^([0,v])), v>0; F(v) =-A(l+p^((v,0])), v < 0. (2.3) 

When fc = 4, which corresponds to level lines of the GFF, the following results are known for any (p^;p^): (see 
IIWW16I Theorems 1.1.1 and 1.1.2]) 

• There exists a coupling {K,h) where K is an SLE 4 (p^;p^) process and /j is a zero boundary GFF, such that 
F is a level line oih + F. 

• If /z is a zero boundary GFF and K an SLE 4 (p^;p^) process, coupled such that F is a level line oih + F, 
then K is almost surely determined by h. 

This allows us, for any such F and an instance of the zero boundary GFF h in H, to define the level line, 7 , of 
h + F. It has been shown in ||WW16[ Theorem 1.1.3] that 7 is in fact almost surely continuous up to and including 
the continuation threshold, and it is transient when the continuation threshold is not hit. 

More generally, for any simply connected domain D and x,y in dD, we say that 7 is the level line of a GFF h 
in D started at v and targeted at y, if 0 ( 7 ) is the level line of /j o where (j) is any conformal map from D to El 
which sends v to 0 and y to 00 . 

One nice property of the level lines is what we call monotonicity. Suppose that h is a GFF with piecewise 
constant boundary values, changing only finitely many times. For n G M, we define the level line of h with height u 
to be the level line of h + u, and denote it by 7 „. Then, for any ui > U 2 , the level line 7 ^ lies to the left of 7^2 almost 
surely, see IIWW16I Theorem 1.1.4]. 

Another property of the level lines is their reversibility. Suppose that h is a GFF with piecewise constant 
boundary values changing only finitely many times. Eet 7 be the level line of h from 0 to 00 and 7 ' be the level line of 
—h from 00 to 0. Then, on the event that neither hit their continuation thresholds before reaching their target points, 
we have 7 = / almost surely as sets. This implies the reversibility of the SEE 4 (p^; p^) process: conditioned on the 
event that the continuation threshold is not hit, the time reversal of the process is another SEE 4 (p^;p^) process, 
now from 00 to 0 in El with appropriate weights and force points, conditioned not to hit its continuation threshold. 
See IIWW161 Theorem 1.1.6]. Finally, we include a list of results from IIWW161 that will be useful for the later 
proofs. 

Lemma 2.14. Suppose that h is a zero-boundary GFF and F is the bounded harmonic extension of the piecewise 
constant boundary data which changes finitely many times. Let y be the level line ofh-\-F. We already know that 
7 is almost surely continuous up to and including the continuation threshold. 

(1) l[WW16\ Theorem 1.1.3] The curve 7 is almost surely simple and is continuous up to and including the 
continuation threshold. 

(2) t[WW16\ Remark 2.5.15] For any open interval 1 of assume that 

either F {x) > X, Vx G/, orF{x)<—X, Vx G/. 

Then almost surely yFl = 0. 

(3) hWW16\ Proposition 2.5.11] For any point xq G (0,oo), assume that there exists c > 0 such that F > —X +c 
in a neighborhood o/{xo}, then almost surely y does not hit {xq}. Symmetrically, for xq G {—o°, 0), assume 
that there exists c > 0 such that F <X—c in a neighborhood o/{xo}, then almost surely 7 does not hit {xq}. 
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2.7 First generalizations to the GFF with general boundary data 


In this section, we generalize some results concerning level lines with piecewise constant boundary data to general 


boundary data. In fact, the ideas in the proof for Lemma 2.16 when the boundary condition is piecewise constant 
IISS131 Lemmas 2.4-2.6] work for general boundary data with proper adjustment. In order to be self-contained, we 
still give a complete proof here. 

Lemma 2.15. Suppose that {Kt,t > 0) is a Loewner chain driven by a continuous process {Wt,t > 0). Denote by 
{gtd ^ 0) corresponding sequence of conformal maps and ft = gt — the centered conformal maps. For any 
fixed z G El, define 

C, (z) = log CR(z, El) - log CR(z, 


[\Kr). 


Then, we have that 


dC,(z) = Wlfd,. 


Proof The conformal radius CR(z 
sends z to i, an example of which is given by m, o /^, where mt : 


\Mz)\^ 

\Kt) is equal to 2/|(/)/(z)| for any conformal map from EI\/rf to El which 


! is the Mdbius transformation defined by 


mt(w) = 




Wtiz)r+m{z)r-mt{z))w- 


This gives us that 


G(z)-Co(z) = -log2-h91(logm;(/((z)))-h91(logg;(z)). 


However, in this case we can calculate m'j{ft{z)) explicitly, and find that —91(logm)(/f (z))) = log3/,(z). Since we 
also know that 


dg[{z) = ^^dt. 


ft{zf 


d^iftiz)) = 


-23(/.(z)) 


dt, 


we can compute 


and this implies the result. 


\ft{z)\^ ’ 


□ 


Lemma 2.16. Assume the same notations as in Definition 1.1 Suppose that the Loewner chain K is almost surely 
generated by a random continuous curve y on Mfrom 0 to °° whose driving function W is almost surely continuous. 
For z G El and f > 0, set 

T{t) = inf{5 : logCR(z,E[) -logCR(z,E[\i<G) = t}. 

Then the pair {h,K) can be coupled as in Definition 


1.1 


if and only if (t]T(/)(z),f > 0) is a Brownian motion with 
respect to the filtration generated by {W.j;qpt > 0)for any z G El. 


Proof. If {h,K) is coupled as in Definition|Ll[ by Proposition 2.11 we know that {'f]x(t){z)d > 0) is a Brownian 


motion. Moreover, by the proof of Proposition |2.11[ we see that, for s < t, the variable (z) — (z) is 

independent of and has the law of Gaussian with mean zero and variance t — s. This implies that {Tlt{t){z)d > 
0) is a Brownian motion with respect to the filtration generated by {WT:q-^,t > 0). 

For the converse, assume that, for each z G El, the process (t7i:(r)(^)T > 0) is a Brownian motion with respect 
the filtration generated by (VLT(f)T ^ 0)- We will begin by showing that there exists a Brownian motion {Btf > 0) 
(with respect to the filtration of (Wj d> 0)) such that, for all z, we have 


Define 


We have fhe following observations. 


dritiz) = Z-—dBt. 

ft{z) 

Ufz) = r]t{z) + wg{ft{z)). 


(2.4) 


(2.5) 















2 Preliminaries 


13 


• By the definition of T]i(-), we know that [4(-) is the bounded harmonic function on H with the boundary 
values given by F + 2A on \Kt, A along the boundary of Kt, and F on M+ \F,. Therefore, for fixed z, 
process {Ut{z) ,t> 0 ) is of bounded variation and is measurable with respect to the filtration generated by 


• By the assumption, for fixed z, the process {r]t{z)-,t > 0) is a Brownian motion when parameterized by 


C,(z) = logCR(z,M)-logCR(z,H\F,). 


Thus, by Lemma 2.15[ we see that 


d{'f]t{z)) =dCt{z) = 4 



2 

dt. 


Moreover, since {z)-,t^ 0) is a Brownian motion with respect to the filtration of ), f > 0), we know 
that, for any s < t, the variable rit(z) — f]s(z) is independent of (Wu,u < s) (we implicitly use the fact that 
F is a Loewner chain generated by a continuous curve with continuous driving function), thus the process 
{r\t{z),t > 0 ) is a local martingale with respect to the filtration of {Wt,t > 0 ). 


Combining these two facts, we know that arg(/,(z)) = arg(gj(z) —Wt) is a semimartingale, and hence Wt is a 
semimartingale at least up to the first time that z is swallowed by A). Note that 


dwg{ft{z)) 


= 3 



dWt + Z 



d{Wt) \ 

2U(z))V’ 


and therefore, we have d(lTj) = Adt for all such t. Note however that the process W does not depend on z, and since 
we can always choose z far away as we want, we can argue that {Wu,0 < m < t) is a semimartingale up to time t for 
any t > 0, with d{Wt) = 4dt. Thus, there exists a Brownian motion (B, ,t> 0 ) and a process of bounded variation 
{Vt,t > 0) such that Wt = 2Bt — Vt- We emphasize that the processes B and V do not depend on z- Plugging in 
Equation (|2.5|), we have that 


2 1 

drjtiz) = Z—^dBf, dUt{z) = Z—^dVt, 


ft{z) 


ftiz) 


( 2 . 6 ) 


as desired. 


With equation (2.4 1 in hand, we know that for z, w G 

d{Bt{z),Bt{w)) =Z 


I, we have 
1 


ft{z)J \ft{w) 


1 


dt. 


We know that, for each z, rjt (z) is a continuous martingale. We can also extend the definition of T], (z) by setting it 
equal to its limit as 5 1 t(z) at all times after t(z). We further define for z,>v G El and t < t(z) A t(w), 


Gt(z,w) :=GM(ft(z),ftM) 

where we again extend this to all times after t(z) A t(w), by setting it constant and equal to its limit as 11 f (z) A t(w). 
Observe that, in each connected component of E[\ 7[0,t], the function rjt is the bounded harmonic function with 
boundary values shown in FigureWe also know that Gt(z,w) is non-decreasing in t for any fixed z, w. 

Putting all of the above together, we can deduce by stochastic calculus that for any p G Hs(H), (rit,p) is a 
continuous martingale with 

d((r]t,p)) =-dEt(p), where Et{p) := J J p{z)p(w)Gt{z,w)d^zd^w. 

Now we are ready to show that the pair {h,K) is coupled as in Definition |1.1[ Since for each z, w G El and non¬ 
negative p G Hs{M.) we have that rjtiz) is a martingale and Gt{z,w), Et{p) are non-decreasing, it must be that all 
the limits T]oo(z), Goo{z,w) and Eoo{p) exist. We let h be equal to rjc^, — rjo plus a sum of independent zero boundary 
GFF’s; one in each connected component of El \ 7 . To show that (K,h) are coupled in the correct way we must 
verify that the marginal law of h is that of a zero boundary GFF in El, and that {K,h) satisfies the correct domain 
Markov property. This amounts to showing that for each non-negative p G //^(EI): 
















3 Non-boundary intersecting regime 


14 



Fig. 2.2 : The function ?]((■) is a harmonic function in each connected component of ]HI\ 7[0,r] with 
boundary values as above. 


• (h,p) is a Gaussian with mean 0 and variance Eo(p). 

• For any ^-stopping time T, the conditional law of ((h + rio)lM\Kr!P) given Kx is a Gaussian with mean 
{f}x,p) and variance Ex{p). 

To see the first point, for any /r > 0 we calculate 

IE [exp (-At (^, p))] = E [E [exp (-At (^, p)) |iS:]] 


= E 

= E 


exp 

exp 



^o,p)- 

^o,p) + 


Y{Eo{p) - Eo.{p) 



= exp 



where the last line follows from the fact that {'f]f,p) is a continuous bounded martingale with mean T7o(p) and 
quadratic variation Eq{p) —E^{p). The second point follows similarly, replacing the initial expectation with a 
conditional one. □ 


3 Non-boundary intersecting regime 


All the conclusions in Sections and are proved in HMSlbai IWW16II for level lines with piecewise constant 
boundary data and constant height difference. Although many of the ideas from these papers are fundamental to 
our proofs, there are several places where they fail for general boundary data. Therefore, we treat the general case 
here and give complete proofs in the next two sections. 


Lemma 3.1. Suppose that y is a random continuous curve from 0 to some y-stopping time T with almost surely 
continuous driving function. Assume that y is coupled with a zero boundary GFF h as a level line of h + E up to 
time T where 

T(x) > —A, Vx < 0; E{x)>X, Vx > 0. 

Then almost surely /[O, T] H (0,oo) = 0. 

Proof Assume the same notations as in Definition [Hi First, for any z G H, define Ut{z) in the same way in 
Equation (2.51, and we will explain that the process (f7,(z),0 < f < T) is non-increasing. By the definition of t]f (z), 
we know that G? (•) — A is the harmonic function on El \ A"; with the boundary values given by f -|- A > 0 on ]R_ \ A'f, 
zero along the boundary of Kt, and F — A > 0 on M+ \ Kt. This harmonic function is non-increasing in t, and thus 
Ut{z) is non-increasing. 

Next, we will show that the process 


Zr.= vf{Q+)-Wt 

cannot hit zero. By the proof of Lemma 2.16[ we know that there exist a Brownian motion B and a process of 
bounded variation V such that W = 2B — V and Equation (2.6 1 holds. Since Ut{z) in non-increasing in t, the process 
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Vt is non-decreasing in t up to the time that z is swallowed. However, the process V does not depend on z, and since 
we can always choose z far away, we have that (14,0 <u<t) is non-decreasing in u for any t > 0. Then we have, 
for all t, 

2dt 

dZf ^ — 2dBf -\———. 

•Z/ 

We can compare Z,/2 with a Bessel process of dimension 2, and so may conclude that Z/ cannot hit 0. This implies 
that the curve cannot hit ( 0 , oo). □ 

Remark 3.2. The proof of Lemma\3J]also applies to the case when 


F{x)<—X, .V < 0; F{x)<X, x>0 


by symmetry. In this case we see that for y satisfying the same conditions as in Lemma 3.1 we have 7[0,r] n 
(—00,0) = 0 almost surely. 




(a) The boundary value of —h — G given /[O, Tg]. (b) Yq cannot hit the left side of /[O, Tg] or (—oo^O]. 

Fig. 3.1 : Explanation of the boundary values in the proof of Lemma|3.3| 


Lemma 3.3. Suppose that y is a random continuous curve from 0 to some y-stopping time T with almost surely 
continuous driving function. Assume that y is coupled with a zero boundary GFF h as a level line of h + F up to 
time T where 

F{x)<—X, Vx < 0; F{x)>X, Vx > 0. 

Then, almost surely, the curve (7(t),0 <t<T) does not hit the boundary except the two end points. 

Proof. It is sufficient to show that, for any 0 < a < b < o°, the curve y does not hit the interval / = {a,b). We prove 
by contradiction. 

Suppose that y does hit / with positive probability, and on this event, define Tg to be the first time that y gets 
within e of /. Since F is bounded, suppose that F > —C for some finite C > A. Let G be the bounded harmonic 
extension of the function which is equal to —C on M„ and is equal to X on M 4 .. Note that F > G. Let be the 


level line of —h — G from 00 to 0. By Lemma 2.14 1) and (2), we know that Yn almost surely continuous and 


transient; and that Yg almost surely does not hit I. 

Let hbe h restricted to the unbounded connected component of BI\ 7[0, Tg], then conditionally on 7[0, Tg] 
field —h — Gisa GFF with boundary data as shown in Figure 3.1 a). Moreover, given 7 [ 0 ,re], the curve Yr 


the 

is 


coupled with h so that it is a level line of —h — G up until the first time that y4 hits 7[0, Tg] (by Propositions 


2.8 


to 


2.IO1. Since F — G is positive on H, we see from Lemma [3T] that Yc cannot hit the left side of 7[0, Tg] or (— oo^O] 
before hitting the right side of 7[0, Tg] or the tip 7 (rg), see Figure [3T| b). In any case, this implies that Yg has to get 
within e of I. Since this holds for any e > 0 on the event that 7 hits I and Yg continuous, we can conclude that Yg 
hits I with positive probability, contradiction. □ 
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Lemma 3.4. Assume the same notations as in Lemma 3.3 Then y is almost surely simple. 


Proof. First, we argue that, for any y-stopping time T, we have /[O, t) n 7 (t, T) = 0 almost surely. Given /[O, t], 
denote by h the restriction of /j + F to H \ /[O, t] (since y does not hit the boundary, this set only has one connected 
component). By the domain Markov property in Definition H we know that, given 7 [ 0 ,t], the curve y\[xj) is 
coupled with h as its level line. Note that the boundary value ofh+F i& F < —X on M_, is —X along the left side 
of 7[0, t], is A along the right side of 7[0, t], and is F > A along M+. By Lemma 3.3 we know that 7 (t, F) cannot 
hit 7(0 , t). 

Next, we show that y is almost surely simple. For any <7 > 0, define Aq fo be fhe evenf fhaf 7 ( 0 , q) n ylyq, F) / 0. 
If 7 has double poinf, fhen Aq happens for some posifive rafional q, since 7 is confinuous. However, by fhe above 
argumenf, we know fhaf has zero probabilify. Therefore, 7 is almost surely simple. □ 


Proposition 3 . 5 . Suppose that h is a zero boundary GFF and that F is bounded and satisfies 

F{x)<—X, Vv < 0; F{x)>X, Vx > 0. 

Suppose that y (resp. Y) is a random continuous transient curve from Q to °° (resp. from 00 to 0) with almost surely 
continuous driving function. 

Assume that 7 is coupled with has a level line ofh + F, that / is coupled with has a level line of —h — F, and 
that the triple {h, 7, /) are coupled so that 7 and / are conditionally independent given h. Then almost surely / 
equals 7. In particular, this implies that 7 is almost surely determined by h. 

Proof. First, we argue that, for any /-stopping time t' , given /[0,t'], the curve 7 almost surely first exits B[\ 
/[O, t'] at /(tO- Denote by h the restriction of /j to El \ /[O, F]. Given /[O, F], the curve 7 is coupled with /j as a 
level line oih + F. The boundary value of /j + F is F < —A on M_, is —A along the left side of /[O, t'], is A along 
the right side of /[O, x'], and is F > A on M_|_. Thus, by Lemma 3.3 we know that 7 must exit El \ /[O, x'] at /(t'). 

Next, we show that 7 and / are equal. Since 7 hits /[O, x'] for the first time at Y{x') for any /-stopping time 
x', we know that 7 hits a dense countable set of points along / in reverse chronological order. By symmetry, / hits 
a dense countable set of points along 7. Since both 7 and / are continuous simple curves, the two curves (viewed 
as sets) are equal. □ 


4 Monotonicity 

Lemma 4.1. Suppose that h is a zero boundary GFF and that F is bounded. Suppose that 7 is a random continuous 
curve from 0 to some y-stopping time T with almost surely continuous driving function. Assume that 7 is coupled 
with h as a level line ofh + F up to time T. 

(1) Then the curve {y{t),0 <t <T) almost surely does not intersect any open interval I o/(0,oo) such that 

F{x) > A Vx G /. 

Symmetrically, it does not intersect any open interval o/(—oo,0) where F{x) < —A. 

(2) In addition, if {y{t),0 < t < T) is almost surely simple, then it does not hit any open interval I of (—oo,0) 
where F(x) > X. Symmetrically, it does not intersect any open interval of{0,o°) where F{x) < —A. 

Proof of Lemma [477] Item (I). We first show the conclusion when I = {a,b) iox 0 < a < b and F(x) > A, Vx G 1. 
Pick d, b such that a<d<b <b.\tis> sufficient to show that, for any such d, b, the curve ( 7 (f), 0 < t < F) does not 
hit the interval I = [d,b]. We prove by contradiction. Suppose that the curve (7(t),0 <t <T) hits 1 with positive 
probability. Since F is bounded, we have that F > —C for some C > A. Let G be the bounded harmonic extension 
of the function which is equal to —C on U (0,a) U {b,oo) and A on {a,b). Note that F >G. Let /, be the level 
line of —h — G from b to a. Note that since G is piecewise constant we know by Lemma 2.14 T) that the curve /j 
is continuous from b to a, and the boundary data also means, by Lemma 2.14|^2), that it does not hit I. This means 


we can repeat the same argument as in the proof of Lemma 
obtain a contradiction. 


3.3 


to show that Yq hits I with positive probability and 


□ 
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Proof of Lemma [477] Item (2). Now, let I = {a,b) for a < b < 0, and suppose that F{x) > X,\/x G I and (7(t),0 < 
t <T) is almost surely simple. It will be sufficient for us to prove that 7 does not hit I = [a, b] for any a <a <b<b. 
First note that if 7 hits [—0°, a] before hitting I, since 7grows towards 0 °, it can never hit I thereafter and we are done. 
If not, let (jO be the Mdbius transform of El that sends the triplet {b,0,oo') to (oo,0,1). Then ((p(7(t)),0 <t<T)is 
a continuous curve, coupled with a zero-boundary GFF h as a level line of h + F o until the first time it hits 
[1,00]. By Item ( 1 ), we know that ((p(7(f)),0 <t<T) cannot hit the interval ((p(a),o°) before this time. Thus 
(7(0)0 <t <T) cannot hit I without first hitting the point b. Let T be the time at which 7 hits b, setting z = T 
if this never happens, and x' be the first time at which 7 hits I, again setting t' = T if necessary. By the previous 
reasoning, if we do not have {t < t' < T} then we are done, so assume this occurs with positive probability. On this 
event, since 7 is a continuous curve with continuous Loewner driving function, we see that {z <t <F : 7(f) G M} 
has Lebesgue measure 0, and so there exists a time z < G < z' with 7(a) ^ M. Let w be the left-most point in 
(7(0)0 < f < <7) n (—00,0). Then applying the same argument as above, now to (7(f), a < f < T) in the domain 
®I\ (7(0)0 < t < <7) with {a,b) replaced by (a, w), we see that (7(f), a <t <T) must first hit w before it can hit /. 
This is a contradiction to the simplicity of 7. □ 


Lemma 4.2. Suppose that h is a zero boundary GFF and that F is bounded. Suppose that 7 is a random continuous 
curve from 0 to some y-stopping time T with almost surely continuous driving function. Assume that 7 is coupled 
with has a level line ofh + F up to time T. 

(1) For any fixed point xq G (0, 00), if there exists c > 0 such that F > —A +c in a neighborhood ofxo, then the 
curve (7(f),0 <t<T) almost surely does not hit {xq}. Symmetrically, for any fixed point xq G (— oo,0), if 
there exists c > 0 such that F <X—c in a neighborhood o/xq, then the curve (7(f) , 0 <t <T) almost surely 
does not hit {xq}. 

{2} If there exists X G (0,oo) and c > 0 such that 

F{x)>X, VxG(-X,oo); F{x)>-X+c, VxG(X,oo) 

and in addition the curve (7(f),0 <t <T) is almost surely simple, then (7(f),0 <t<T) almost surely does 
not hit 00. Symmetrically, if there exists X G (0,oo) and c > 0 such that 

F{x)<—X, VxG(X,oo); F{x)<X—C, VxG(—X,oo) 

and the curve (7(f), 0 <t<T)is almost surely simple, then (7(f), 0 <t<T) almost surely does not hit °° 

We point out that Item (2) is not a consequence of Item (1) in Lemma |4^ In fact, if F is piecewise constant 
and F{x) G (—A -l-c, A — c) on (—00, —X) U (A'joo) for c G (0, A), then the level line of /j -|-F is transient, and hence 
hits 00 almost surely. 


Proof of Lemma ^~2\ Item (1). We may assume that F > —X -|-c on {a,b) where 0 < a < xq < b and again prove 
by contradiction. Suppose that the curve (7(f),0 <t<T) does hit {xq} with some positive probability. Since F is 
bounded, suppose that F > —C for some C > A. Let G be the function which is equal to —C on ]R_ U (0,a) U {b,oof 
and is (—A -|- c) A A on {a,b). Note that F > G. Let be the level line of —h — G from b to a. Note that is 
continuous and does not the point {xq} by Lemma 2.14| ^3). Thus we can repeat the same argument as in the proof 
of Lemma 3.3 and show that y^ hits {xq} with positive probability, which is a contradiction. □ 


Proof of Lemma ^~2\ Item (2). We prove by contradiction. Suppose that 7 does hit 00 with positive probability. 
Since F is bounded, suppose that F > —C for some C > A. Let G be the function which is equal to —C on 
(—X,0) U (0,X) and is (—A -|-c) A A on (2f,oo) u (—0°, —X). Note that F > G. Let y^ be the level line of —h — G 
from —X to X. Since G is piecewise constant, we know the curve y^ is continuous and does not hit the point 
00. By Lemma |tT| 2), since 7 is almost surely simple, we know that 7 cannot hit (—2f,oo) before it hits 00. Thus, 
we can repeat the same argument as in the proof of Lemma 3.3 and show that y(j hits 00 with positive probability, 
contradiction. See more details in Figure [4~T] □ 
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—X oo —X oo 




(a) Suppose that yf hits oo with positive probability. 
Let Te be the first time that it enters {z : |z| > 1/e}. 
Since F > A on (—00, —X), the curve yp can never 
hit (—oOj—X). Given 7^[OjTg], the boundary data 
of the field —h — G is shown in this figure. 


(b) By the choice of G, we see that cannot hit the 
union of (—X, 0) and the left side of yp [0, Tg\ before 
hitting 7 f[ 0, Tg]. Therefore, has to enter {z : |z| > 
l/ej. This holds for all £ > 0, thus y^ hits 00 with 
positive chance, contradiction. 

the proof of Lemma|4.2| Item (2). 


Fig. 4.1 : Explanation of the boundary values in 


Lemma 4.3. Suppose that h is a zero boundary GFF and that F is bounded and satisfies Condition {1.2 1. Suppose 
that y is a random continuous transient curve from 0 to °° with almost surely continuous driving function. Assume 
that y is coupled with h as a level line ofh + F. Then y is almost surely simple. 


Proof. We can repeat the same argument as in the proof of Lemma [T4| replacing Lemma by Lemmas |4.1[ 1) 

andl^gi). □ 


Lemma 4.4. Suppose that F and G are bounded, F satisfies Condition {1.2), and that 


F{x)>G{x), Vv G M. 


Suppose that yp (resp. Yg^ ^ random continuous transient curve from 0 to °° (resp. from 00 to 0) with almost 
surely continuous driving function. 

Assume that yp is coupled with a zero boundary GFF h as a level line of h + F from 0 to °° and that Yq 
coupled with h as a level line of —h — Gfrom 00 to 0, and that the triple {h, 7 f, y^) is coupled so that yp and Yq o.re 
conditionally independent given h. Then almost surely yp stays to the left of Yq- 


Proof. Note that, by Lemma 4.3 yp is almost surely simple. It is sufficient to show that, for any y^-stopping time 
f, the point Yci'^') *^0 ’^he right of yp. 

Let hheh restricted to H \ y^[0, t']. Then we k now that, given Yg [Oj , the conditional law of /j + F is that of 
a GFF with boundary data as shown in Figure |4~2] ^ a). Moreover, yp is coupled as a level line of /j + F up until the 
first time it hits YgI^^ Given y^[0 , t'], let T be the first time that yp hits y^fO, x']. 

Consider the set y^fO, t'], there are two possibilities for the intersection y(;[0,F] n (0,oo): Case (a), the inter¬ 
section is nonempty, and in this case we denote by xg the last point in the intersection; Case (b), the intersection is 
empty and in this case we set xg = +°° ic. to the right of YgI^^ "^ ]■ 

Since the boundary data on the right hand side of y^fO, t'] is greater than A and the boundary data is bounded 
away from —A in a neighborhood of xg, by Lemma 


4.1 


we 


know that yp cannot hit the right hand side of y^fO, x'\ 
before hitting the left side of y^[0, x'] or exiting BI at 00, approaching from the left. We also know that yp cannot 
hit {xg} before this time, by Lemma [42} 1) in Case (a) and by Lemma |42} 2) in Case (b). Therefore yp cannot hit 
the union of the right hand side of y^fO, x'\ and {xg} (i.c. the blue section in Figure |4^a)) of the boundary before 
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Fig. 4.2 : The curve Jf cannot hit the blue section in the figure. 


hitting the left hand side of Y(j[0, r'] or exiting H at oo, approaching from the left. In the latter case, we are done. 
In the former case, Jf first hits Yq[0 , Y] from its left hand side at time T. If Yci'^') strictly to the left of yp, then 
it must be the case that after time T, yp wraps around 1^[0, Y] and then hits the right hand side of y^[0, Y] or exits 
at xg- Let be the first time after T that yp is in the right connected component of El \ [0, t] U [0, Y] ) and 

dist(7F(t),/G[0,T]) > 5, setting Tg = oo if this never happens. If Yci'^') strictly to the left of yp (so in particular 
not on the curve yp) with positive probability then we know that {rg < oo} occurs with strictly positive probability. 
However, given ^^[O, Y] U [0, Tg], the conditional law of h + F is that of a GFF with boundary values as shown in 
Figure 4.2 b), and {yp{t),t > Tg) is a level line of this field (by Propositions |2.8| to |2.10 ) Therefore, by Lemmas 
4.1 and 4.2 again, we know that it cannot hit the right hand side of ^^[O, Y] or exit at xg, and hence cannot reach 
oo. Thus we obtain a contradiction. □ 


Lemma 4.5. Suppose that F is bounded and satisfies Condition (1.2). Suppose that yp (resp. Yp) random 
continuous transient curve from 0 to oo (resp. from oo to Q) with almost surely continuous driving functions. 

Assume that yp is coupled with a zero boundary GFF h as a level line of h+F from 0 to oo, that Yp is coupled 
with h as a level line of —h — F from oo to 0, and that the triple {h,yp,Yp) is coupled so that yp and Yp 
conditionally independent given h. Then almost surely yp = Yp- In particular, yp is almost surely determined by h. 


Proof. By Lemma 4.4 we know that yp almost surely stays to the left of Yp and (by the same arguments) that yp 


almost surely stays to the right of Yp- Combining with the fact that yp,Yp are simple by Lemma 4.3 we know 


that almost surely yp = Yp- Since yp and Yp are coupled with h so that they are conditionally independent given h, 
yp = Yp implies that yp must be almost surely determined by h. 


□ 


Lemma 4.6. Suppose that F and G are bounded, and satisfy Condition (1.2). Suppose further that 


F{x) >G{x) 


X G. 


Suppose that yp,yG (resp. Yg) random continuous transient curves from 0 to oo (resp. from oo to 0) with 
almost surely continuous driving functions. 

Assume that yp (resp. yG) is coupled with a zero boundary GFF h as a level line of h + F (resp. h + G), that Yg 
is coupled with h as a level line of —h — Gfrom oo to 0, and that (h, yp,yG, Yg) i^ coupled so that yp, yG and Yg nre 
conditionally independent given h. Then almost surely yp stays to the left of yG. 

Proof. We have the following observations. 


By Lemma 4.4 we know that yp stays to the left of Yg- 


By Lemma 4.5 we know that 7 g = Yg- 
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Combining these two facts, we see that yp stays to the left of Yg- □ 

Corollary 4.7. Suppose thatF and G are piecewise constant functions changing value only finitely many times and 
that they satisfy Condition {1.2\. Suppose further that 

F{x) > G{x)^ X G M. 


Let Yp (resp. Yg) be the level line ofh + F (resp. h + G) for h a zero boundary GFF as in Section 2.6 Then almost 
surely yp stays to the left of Yg- 


Proof From the results in Section 2.6 we have the existence, the continuity and transience of yp and Yg, and also 
which is the level line of —h — G from oo to 0. Moreover, we know that each of yp , Yg and y^ is almost surely 
determined by h. By Lemma 4.6 we know that yp stays to the left of Yg almost surely. □ 


5 Estimates on crossing probabilities 

In this section, we will consider SLE 4 (p^;p^) processes for vectors 


p^ = {ph---,pi), 

with associated force points 

= (xf < • • • < xf < 0), 

such that for some c > 0,C < oo. 


p« = (pf,---,pf), 


/ = (0 < xf < 


“ 2 +— <^pf<—1 + y, l<j<l, — 2 +y<^pf<—l + y, l<k< 


I 

r=I 


c 


A 


k 

L 

(=1 


c 




(5.1) 


We will show that if (7^”^)neN ^ family SLE 4 (p^;p^) processes as above (with the same c,C), then they 

satisfy Condition 2.3 Here, we know that the processes are generated by continuous curves, due to the results of 

IIMSlhallWwT^ . 

Note that these processes correspond to level lines of {h + Fn)nen for h a zero boundary GFF, where Condition 
(5.11 means that the F„’s are uniformly bounded (lying in (—C,C)) and satisfy, for all n>0, 

Fn{x)<X—c, X < 0; F„(x)>—A+c, x > 0. 


These are the same conditions we require on F in Theorem 1.2 Therefore, the tactic will be to approximate such an 
F by piecewise constant functions F^ on M, and show that the laws of the corresponding SEE 4 (p^’”;p^’") processes 
converge weakly using Proposition [2^ This limiting law will be our candidate for the level line of h + F. 


Lemma 5.1. Suppose that a family o/SLE 4 (p^,p^) 

c > 0,C < oo and all n. Then they satisfy Condition\2.3\ 


processes satisfying Condition {5.1 \ for some 


Proof. Recall, we would like to show that our family satisfies a conformal bound on an unforced crossing. That is, 
that there exists a constant M > 0, such that for any of our processes y^"K any stopping time T and any avoidable 
quadrilateral of whose modulus m{Q) is greater than M, 

P ^ 7 (”^[t,oo) crosses 2 | 7 (”^[ 0 ,t]^ < 1 / 2 . 

Here d P 0) denotes the sequence of hulls generated by 7 ^”). 
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For n>0, the law of 7^”^ is that of an SLE4(p^’”;p^’”) process with force points located at Denote 

its driving function by its sequence of conformal mappings by and set By the results 

of IIWW16I . we know that can be coupled with h a zero boundary GFF in H, as the level line of h + Fn, for 


Fn{x) = 


-X ( 


h,n 


A 


1 




V < 0 
X > 0. 


Moreover, for any stopping time T, we know by the domain Markov property that, conditionally on 7(”)[0 ,t], the 

in) 

curve evolves from time T onwards as a level line of a G FF w ith boundary conditions in the remaining domain. 
Here is defined corresponding to F„ as in Definition ! l.l[ The important thing to notice is that, as a result of the 
condition (|5.1|), we have 


o (/i 


W)-i > -C, 


on (-°o,0); 




W\-i 


) ^ > —A +c on [0,oo) 


for any T and n. Therefore, if we set 


Gi(x):= 


—C, X < 0 

—A+c, x>0 


we have that 


Similarly if we set 


then 


Gi < 1, on: 


G2(x) := 


A — c, X < 0 
C, X > 0 


G2>vro(f, 




on. 


Now, consider an avoidable topological quadrilateral Q of F[^. The avoidability assump tion means that, when we 
map it to H via its image Q! is a topological quadrilateral in El as in Definition 2.1 with Sj, S'-^ (the arcs 
touching the boundary) either both lying in [0,oo), or both in (—oo^O]. 

Suppose we are in the first case. We would like to bound above the probability of 7 ^”^[t,oo) crossing Q, where 
Q has modulus greater than M for some positive M. Equivalently, we must bound the probability of (7 ^”^ [t, °°)) 
crossing Q', noting by conformal invariance that Q' also has modulus greater than M. If Q' = (F', (S[)i<i:<4), we 
let Q” = iy", 8 ^, 82 ) be the doubly connected domain where V" is the interior of the closure of V' U V'* (V'* the 
reflection of V' in the real line) and 5 'q, 5'2 are it’s inner and outer boundary. Eollowing the arguments in the proof 
of IKS 161 Theorem 1.10], we letx = min(Mn5'o) > 0 and r = max{|z —x| : z G Sg} > 0. We see that Q" is a doubly 
connected domain separating x and a point on dB{x,r) from 0 and 00 (see Eigure [5H] ) However, IIAhl731 Thoerem 
4.7] tells us that among all such domains, the one with the largest modulus (here defined as the extremal length of 
the curve family connecting 8 q and 82 in V", which satisfies m{Q") = m{Q') /2) is the domain formed by removing 
(—00,0] U [x,x + r] from the complex plane. This modulus is also calculated explicitly in IIAhl731l and so we may 
deduce that 


exp(27rm(2 )) < 16 (^- + 1 


Since 


this means that r <vx for 


m((2") = 


m{Q) 


M 

~ Y’ 


V = — exp{KM) — 1 

' 16 


(5.2) 


Note that V can be made as small as we like by choosing M large. 
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Fig. 5.1 : Since Q" separates x and a point on dB{x, r) from oo, we obtain a lower bound on m{Q") = 
m{Q)j2. Sinee m{Q) > M this gives us an upper bound on r/x. Moreover, we know that for a 
eurve to cross Q it must necessarily intersect B{x, r). 


It is also clear that for to cross Q', it must necessarily intersect B{x,r). However, the law of 


fr (T^”^ °°)) is th at of the level line of ^ + pi” o (/i” ) ^ for /i a zero boundary GFF in H. By the monotonicity 

resu lt Corollary 


5.2 


4.7 


we see that this level line lies to the left of the level line of h + Gi almost surely (see Figure 
) Thus, the probability of /i”^(7^"^[0,T]) intersecting B{x,r) is less than the probability of an SLE4(p^;p^) 


process with 

F 

(left and right force points at the origin), intersecting it. 
Therefore, we have 




(5.3) 


P [1,°°) crosses Q \ [0, r]^ 

< P crosses Q'\ 7^”^[0,t]^ 

< P intersects B(;c,r) | 7^”^[0 ,t]^ 

< P ^SLE 4 (p^;p^) intersects B{x,r)j 
= P ^SEE 4 (p^;p^) intersects B{\,r/x)j 

< P ^SEE 4 (p^;p^) intersects B(l,v)^ . 


(p^,p^ are defined in Equation (5.31) 
(by scaling invariance) 
(v is defined in Equation (|5.2|)) 


Since we know that the SEE4(p^;p^) process with left and right force points at 0 almost surely does not hit 
the point 1 (in fact, there is exact estimate on this event, see for instance IIMW161 Theorem 1.8]), we see that by 
choosing M large enough, and so v small enough, we can make the right hand side less than 1/2. Thus there exists 
an M such that the left hand side is bounded above uniformly by 1/2 whenever m{Q) > M. 

Eor the second case, when the boundary arcs Sj,S 3 of Q' both lie on the negative real line, we may use sym¬ 
metrical arguments, replacing Gi by G2. □ 


Corollary 5.2. Suppose that (7^"^)nGN tire a family o/SEE4(p^;p^) processes satisfying Condition ( |5.i| )/or all n. 
Suppose further than they are all parameterised by half plane capacity and that (lT("i)„gN are the corresponding 
family of driving functions. Then 


(VF^"^)„gN is tight in the metrisable space of continuous functions on [0,°°) with the topology of uniform 
convergence on compact subsets 0/ [0,°°). 
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Fig . 5.2: The boundary values of /z+given 7 *^”^ [0, t] are marked in the left panel. Thus ( 7 *-”^ [t, oq] ) 
is the level line of a zero boundary GFF h + boundary data as depieted in the right panel. 
By monotonieity, it must therefore lie to the left of the level line of h-\-G\ (marked in red.) 
Consequently, the probability that /T”^(7^”H't^,°°]) interseets B{x,r) is less than the probability 
that the red level line does. 


• ( 7 ^”^)nGN tight in the metrisable space of continuous functions on [ 0 ,oo) with the topology of uniform 
convergence on the compact subsets of [ 0 ,oo). 

Moreover, if the sequence converges weakly in either of the topologies above, then it also converges weakly in the 
other and the limits agree in the sense that the law of the limiting random curve is the same as the that of the 
random curve generated under the law of the limiting driving process. 

Proof This is a direct consequence of Proposition |2^ and the remarks in Theorem 1.10 of IIKS16II . □ 


6 


Existence of the coupling—proof of Theorem 


1.2 


In this section we will show existence of the coupling described by Theorem 1.2 Recall we would like to prove 
that for F on M which is regulated, so can be approximated uniformly by piecewise constant functions changing 
value only finitely many times, and which satisfies Condition (1.2), there exists a coupling of a Loewner chain K 
with a zero boundary GFF h, such that F is a level line ofh + F. Moreover, we will show that K is almost surely 
generated by a continuous and transient curve 7 . 

To do this we will take a sequence of piecewise constant functions F„ (changing value only finitely many times), 
which uniformly approximate F, and consider the level lines, denoted by '/-"f of h + F„ for a zero boundary GFF 
h. Observe that we can choose the Fn so that the level lines are a family of SLE 4 (p^;p^) processes satisfying the 
conditions of Corollary |5.2| Thus, the tightness given by the corollary will allow us to extract a subsequential limit. 


Proposition 6.1. Let F satisfy the conditions ofTheorem \1.2\ Suppose that {F„)n^f^ are piecewise constant functions 
on M, changing value only finitely many times. Let h be a zero boundary GFF and 7 ^”^ be the level line of h+F„ 
for each n. Suppose further that they are all parameterized by half plane capacity and that (lT^”^)„eN tire the 
corresponding family of driving functions. 

Then, if the {F„) converge uniformly to F on M, we have that: 


(1) There exists a subsequence of the 7 ^”^ which converges weakly in the space of continuous functions on [0, 00 ) 
with the topology of uniform convergence on compact subsets o/[0,oo). 


(2) The limiting law describes a continuous curve from 0 to °° in El which generates a Loewner chain with a.s. 
continuous driving function. 
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(3) The limiting curve can be coupled with a zero boundary GFF h, as a level line ofh+F. 


Remark 6.2. We will later see that this limiting law does not depend on the choice of approximation, as any 
continuous curve which can be coupled with a zero boundary GFF as a level line ofh+F must have a unique law: 
see Remark fT^ In particular, this tells us that we actually have convergence of the whole sequence in distribution. 

□ 


Proof of Theorem \1.2\ Theorem |1.2| is a direct consequence of Proposition |6.1[ 


Proof of Proposition \6. 1 \ Items (1), (2). Note that the weak convergence directly follows from Corollary 5.2 


as 


does the fact that the limiting law corresponds to a continuous curve generating a Loewner chain with almost 
surely continuous driving function. □ 


Definition 6.3. Suppose that F is L} with respect to harmonic measure on M and that y is a continuous curve with 
continuous Loewner driving function. We set rj^ in the same way as in Definition 
define, for t less than the first time that y swallows z. 


1.1 


Then for any z G El we can 


Tlt(F,y,z) = T]^’(ft(z)) 

as in Definition ( |i.i| ), emphasising the dependence on F and y. Let 

Ct{y,z) =logCR(z,E[)-logCR(z,EI\is:f), 

fir(F,y,z) = r]r(t)(F,y,z), where T(t) := inf {5 > 0 : Cfiy,z} = t}. 

Finally, define {Wt{y,z))t>ofor y to be the driving function of y reparameterised by Ct{y,z). 

To prove Proposition |6.1[ Item (3), i.e. to see that the limiting curve can be coupled as a level line in the way 
we want, we will use Lemma [2. 16 This tells us that if we define i)t{F, y,z) as above for our limiting curve y, we 
need only show that for each z G El, the process (fjt {F, 7 , z) , t > 0) is a Brownian motion with respect to the filtration 
generated by {Wt{y,z) ,t> 0 ). 


Lemma 6.4. Let be a subsequence of the random curves in Proposition 6.1 parameterised by half plane 

capacity, which converge weakly to some y in the space of continuous functions on [ 0 ,oo) with the topology of 
uniform convergence on compacts. Then for every z G El, 

(w(7("*),z),fi(F,7(”*),z)) 4 {W[y,z)MF:y+)) 

in C([0,oo);M) x C([0,oo);M) with respect to the product topology of uniform convergence on compacts. 

We postpone the proof of Lemma [O] and first tell the readers how we obtain Proposition | 6 . l| from Lemma [64| 
Lemma 6.5. Let ( 7 (”'=)) be a subsequence of the random curves in Proposition 


6.1 


parameterised by half plane 
capacity, which converge weakly to some y in the space of continuous functions on [ 0 ,oo) with the topology of 
uniform convergence on compacts. Then for every z G El, 

(w(7("*),z),Ti(F„„7(”*),z)) 4 {W(y,z)MF.y+)) 

in C([0,oo);M) x C([0,oo);M) with respect to the product topology of uniform convergence on compacts. 

Proof. By Lemma [ 6 ^ we have that 

4 {W{y,z)MF,y,z)) (6.1) 

with respect to the product topology of uniform convergence on compacts. It is also clear that, for all t,z and any 
curve / 

\fit{Fn^,Y,z)-fi,{F,y',z)\ < sup\F{x)-Fnfix)\. 
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Indeed, ■) and ,■) are by definition harmonic extensions of functions whose boundary values differ 

by at most the right hand side. Since sup^g]^ |T’(x) — iv,^(x)| —)• 0 by assumption, we may conclude that, for any 
r > 0, almost surely as k ^ oo, 


sup 

;6[0T] 


fitiFn^,Y'''‘\z)-fit(F,y 


(”*) 


, 2 ) 


0 . 


( 6 . 2 ) 


Combining Equations (|6.1|) and (|6.2|), we obtain the conclusion. 


□ 


Proo f of Proposition \6.1\ Item (3). Fix z G H. Since is coupled as a level line of h + Fn^^ we know by Lemma 
that (fjt (F„/^,y^'^^\z),t > O) is a Brownian motion for each k, with respect to the filtration of (Wt(y^”‘^\z),t > O). 

we have that if y is the limiting law of the /("‘^’s, the process 


2.16 


6.5 


Therefore, by the weak convergence in Lemma 
fjt(F, y,z) must also have the law of Brownian motion, with respect to the filtration of (Wt{y,z),t > O). Applying 
Lemma[2.16|again proves the proposition. □ 


Proof of Lemma [6~4] Fix z G H. We will show that the laws of {W{y^"'‘\z),fl{F,y^'’'‘\z)) converge weakly in k to 
the law of (W(7,z),f7(L, 7,z)). To do this, we begin by showing that this family of laws is tight in C([0,oo);M) x 
C([0,oo);M) with respect to the product topology of uniform convergence on compacts. This allows us to extract 
a further subsequence along which the (lT(7f”*\z),f7(L, 7^"*\z))’s converge. We then argue that the limit of this 
subsequence must be equal to that of (W(7,z),f7(L,7,z)), so in fact our whole original subsequence converged, 
and the limit is {W{y,z),f}{F, 7,z)). Note that the proof of this lemma would be trivial if {W{-,z),f}{F,-,z)) was a 
continuous function on the set of curves, however, this is not quite the case. It is essentially a continuous function 
when restricted to a set in which the ’s lie with high probability. 

By the proof of IIKS16[ Theorem 1.5], we know that for every M > 0 we can find a subsef E of the space of 
continuous curves in H such that 

infip(7(”*) g £) > 1 _ J_ (6.3) 

k M 


when the (y^"*)) are parameterised by half plane capacity, and 


• L is relatively compact with respect to the topology of uniform convergence on compacts, 

• curves in E correspond to Loewner chains with continuous driving functions parameterised by half plane 
capacity, and 

• if a sequence of curves in E converges with respect to uniform convergence on compacts, then their driving 
functions also converge uniformly on compacts along a further subsequence, and the limits agree. 

For the construction of such an E, see Section 3.5 of iKS16L in particular the definition (60) and the discussion in 
the closing paragraphs. See also the opening paragraph of Section 3.6. 

We argue that the set {(W(/,z),f7(F,/,z)): / GF} is a relatively compact subset ofC([0,oo);M) xC([0,oo);M) 
with respect to the product topology of uniform convergence on compacts. Thus by ( |6.3[ ) the laws of the 

(w(y(”*),z),f7(T’,7^"*\z)) 

are tight in this topology. It is sufficient to verify the following claim: if —;■ / is any convergent sequence of 
curves in E, whose driving functions also converge uniformly on compacts, then for any T > 0, as n —)■ oo, 


sup \fit{F,Yn,z)-fit{E,Y,z)\^0 (6.4) 

fe[o,r] 


and 


sup \Wt{Yn,z)-Wt{Y,z)\^0. 

t€[0,T] 


(6.5) 
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Relative compactness then follows because the choice of E means that any sequence of curves in E has a convergent 
subsequence along which the driving functions also converge. 

We will prove the above claim now. We let Kt (resp. K^) be the hull generated by / (resp. in the capacity 
parameterisation and Wt,gt (resp. be the corresponding driving functions, and functions EI\.K', (resp. 

H\ A'") to H, normalised at oo. We define ft = gt — Wj and /” = g” — Wf as usual, and consider these to be extended 
to the boundary, also writing /r(0+) for 14^(0+) — Wf. Write 

Q = Q(t/,z), cr=Q(T/,z); 

z{t) := inf{5 > 0 : Ci = t}, T"(t) := inf{5 > 0 : C” = t}. 

First, we will show that for any T > 0 before the first time that / swallows z, as n —)■ oo, 


sup |Q —C”|—>0. 

te[0,T] 


We have the following observations. 


By Lemma 2.15 and since Co = Cq = 0, we have 

r -43(/.(z))2 


Ct = 


\fs{z)Y 


ds\ q = 


-43(/;(z))- 

mz)f 


ds. 


( 6 . 6 ) 


• W” —Wt uniformly on [0, T]. 

• si ^ St uniformly on {(f,z) G [0,r] xM : d{z,Kt) > 5} for any 5 > 0. (See for instance IKS 161 Lemmas 
A. 3 and A.4]) 


Combining these three facts, we obtain Equation (6.6l. 

Second, we show that, for any T > 0 before / swallows z, as n —)■ oo, 


sup \ri^n(^t)iF,y,z)-rir{t)iF,y',z)\^0. (6.7) 

f6[o,r] 


By Equation (6.6), we have that [0,T”(r) V T(r)] C [0 ,t(S)] for n large enough, where S > T, and t(S) is a time 
before z is swallowed by /. By (6.61 again, we therefore have that, as n —)> oo 


c„ := sup ICi-nfo —f| < sup ICf —Cfl —)• 0. 
/6[o,r] r6[o,T"(r)VT(r)] 


Since 

sup |T]T„(,)(f,/,z)-T]i:(()(F,/,z)| < sup \fit{E,y,z)-fiyE,Y,z)\, 

f6[o,r] i,f6[o,s] A—/|<c„ 

and fit{E, / ,z) is uniformly continuous on [0,S], we see that it must converge to 0. 

Third, we show that, for any T > 0 before / swallows z, as n —)• oo, 

sup \Tlr-.^t)iF,y„,z)-rir’^(,){E,y,z)\^0. (6.8) 

f6[0,7’] 

We need only show that, on any time interval [0,5] such that S is strictly less than the time / swallows z, the 
quantity |t]f (F, ^,z) — q?(F, / ,z)| converges uniformly to 0. We have the following observations. 

• By Definition |6. 3 [ we know that T]((F, /, •) (resp. qj(F, , •)) is the bounded harmonic function with bound¬ 

ary values equal F on M \ Ff (resp. on M \ F"), —A on the left side of F, (resp. F”), and A on the right side 
of F, (resp. K"). 
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• W” —Wt uniformly on [O,^]. 

• §'t ^ St uniformly on {(r,z) G [0,5] x BI: d{z,Kt) > 5} for any 5 > 0. Same reason as above. 


Combining these three facts, we have that the quantity \Tlt{F,Y^,z) — 'ntiF,Y,z)\ converges uniformly to 0 on t G 
[0,5], implying Equation ([h-S]). 


Combining Equations (|6.61), (|6.7|) and ( 6 . 81 , 


we obtain Equation (|6.4|) by noting that 


sup \rir-{t){F,Yn,z)-ri^t){F,Y,z)\< sup -^i:»(f)(T’,r',z)|+ sup \ri^.(t){F,Y,z)-ri^^t){F,Y,z)\. 

t€[0j] fe[o,r] te[o,T] 


We obtain Equation ( |6.5| ) by the same method as above, which is much simpler in this case, and so we omit the 
details. 

Einally, we show that if converges weakly, and there exists a further subsequence along which 

{W{Y'''‘Kz),f}{F,Y"'‘Kz)) converges, then the limit must be {W{y,z),f}{F,Y,z))- To do this, for any M G N take E 
relatively compact such that (6.31 holds, and note that by the above claim we have that 

A£:={( 7 ',W( 7 ',z),f 7 (E,/,z)):/GE} 


is relatively compact in C([0,oo);C) x C([0,oo);M) x C([0,oo);]R) , and its closure is equal to 

This means that the joint laws of W( 7 ^”‘\z),t 7 (E, 7 (”^\z)) are also tight, and thus we can extract an even 
further subsequence along which we have joint convergence. If P* is the law of this joint limit then, 

r (A^) > infP ( 7 ("*) eE)> I-— 

^ ^ k \ ) M 


and so we see that the probability of our marginal laws agreeing in the sense we want must be greater than 1 — ^. 
Since this holds for every M, agreement must hold almost surely, and as these marginal laws are equal to the 
limiting laws of the individually convergent sequences, the result follows. 

□ 


7 Proof of Theorems PTSl to PTSl 


Proof of Theorem [7~?] Suppose that Jp and Jq are continuous transient curves from 0 to oo in H, coupled with a 
zero-boundary GEE h as level lines oih+E and h + G respectively. Suppose further that 7 ^ is a continuous transient 
curve from oo to 0 and is coupled with /j as a level line of —h — G from oo to 0, such that the four objects h,Yp^J g^Yg 
are coupled with Yf^YgiYg conditionally independent given h. Erom Theorem 
YfiYg and Yg- Eemma|43j we know that Yf stays to the left of Yg almost surely. 


1.2 


we have the existence of 

□ 


Proof of Theorems \1.3\ and \L5\ Suppose that Yf is a continuous transient curve which is coupled with h as a level 
line of h + E from 0 to oo, as in Theorem 1.2 Eet 7 ^ be a continuous curve coupled with has a level line of —h — E 
from 00 to 0, such that Yf and Yp are conditionally independent given h. The existence of Yp is given by Theorem 
1.2 Eemma 4.5 then tells us that Yf = Yp almost surely. In particular, Yf is almost surely determined by h. □ 


Remark 7.1. By applying Theorem L3 we see that if Y ^ the weak limit of any sequence of level lines as in 


Proposition 6.1 then 7 can be coupled as the level line of a GEE and is moreover determined by the GEE in 


this coupling. Thus, the law of 7 is uniquely determined. In particular, it does not depend on the sequence of 
approximating level lines. 
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Lemma 7.2. Let F be as in Theorem 1.2 Suppose that Fn\^F approximate F uniformly on the real line, where the 
F„ are decreasing, and are piecewise constant with value changing only finitely many times. 

Let h be a zero boundary GFF in H, 7 „ be the level line ofh+Fnfor each n, and y be the level line ofh+F. 
Denote by Fin the open sets corresponding to the strict right hand sides of 7„. By monotonicity these are almost 
surely decreasing. Define 

H = FnHn. 

Then dH coincides with y almost surely. In other words, the sequence of curves yn converges to y almost surely. 

Proof. First, we show that dH has the same law as y^. We use a conformal mapping to take everything to the unit 
disc, as it will be more convenient to work in a space where our sets are compact. We endow El with the metric it 
inherits from the unit disc U via the map (p{z) = (z — i)/{z + i)- Namely, let •) denote the metric on El given 
by 

d*{z,w) = \(p{z)-(p{w)\. 

We write El for the completion of El with respect to <i*. For compact sets A,B C El, we have the -induced 
Hausdorff distance 

=inf{£ > 0 :AcB(''),BcA('=)}, 

where A^^^ denotes the open e-neighborhood of A with respect to the metric Note that d^ makes the set of all 
non-empty compact subsets of El (with metric J*) into a compact metric space. We have the following observations. 

• The sets H„ form an almost surely decreasing sequence of compact subsets of El, which therefore converge 
to H with respect to This implies that 7 „ = dHn almost surely converges to dH with respect to d^. 

• By the assumptions on we know that the laws of 7 „ fall in to the framework of Proposition |6.1| This 
means that we can extract a subsequence which converges weakly in the space of continuous functions on 
[0,oo) with respect to uniform convergence on compacts. Moreover, the limiting curve can be coupled with a 
zero boundary GFF h as the level line of ^ -|-F. Furthermore, the subsequence converges weakly, to the same 
limit, in the space of curves from [0,1] —)• El with respect to the topology of uniform convergence modulo 
reparameterisation, where the metric on El is given by J*. This requires a slight extension of Proposition 
|2.4[ which was stated here, but is nonetheless still true, by the extended version given in IIKS161 Corollary 
1.7]. By continuity, we therefore have that along this subsequence the curves also converge weakly to the 
same limit with respect to d^. Thus dH has the law of a continuous curve which can be coupled with a zero 
boundary GFF h as the level line of ^ F. 


• By Theorem 1.3 we know that the law on continuous curves which can be coupled with a GFF/j as a level 
line of ^ + F, is unique. 

Combining these three facts, we may conclude that dH has the same law as yp. 

Next, we show that dH coincides with y almost surely. We have the following observations. 

• By the above analysis, we know that dH has the same law as y. 


• By Theorem 1.4 we know that dH lies to the left of y almost surely. 
Combining these two facts, we obtain that dH coincides with y almost surely. 


□ 


8 Proof of Theorem and concluding remarks 


In this section, we prove Theorem|1.6[ the key ingredient being the proof of Lemma 8 .1 This lemma is proved in 


lMS16al[WW16l for SLE 4 (p) process when p is a vector. The proof given in these papers will work with minor 
modifications for the case when p is a Radon measure but, to be self-contained, we still give a complete proof here. 
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Lemma 8.1. Suppose we are given a random continuous curve in Mfrom 0to°° whose Loewner driving function W 
is almost surely continuous. If {p^',p^) are a pair of finite Radon measures on M_, M+ and F is the corresponding 
function of bounded variation, define {r]td > 0) as in Definition \l.l\ For z G El and r > 0, define 

T{t) = inf{5 : logCR(z,B[) -logCR(z,E[\i<G) = t}. 

Then can be coupled with a standard Brownian motion to describe an SLE 4 (p^; p^) 

process if (T\i(t){z)d > 0) evolves as a Brownian motion with respect to the filtration generated by {W.^(tpt > 0)for 
any z G El. 


Proof. Suppose that f > 0) is a Brownian motion with respect to the filtration generated by iW.^{tpt > 0) 

for each z G El. This implies that (rjtiz) d > 0 ) is a local martingale with respect to the filtration generated by 
iWtd > 0). Our first step will be to show that Wt is a continuous semi-martingale. By the definition of we 
know that, for each z G El, 


=- [ wg{gt{z)-Vl^{x))p^{dx)-wg{gt{z)-Wt) 

+ ( 7 r-arg(g,(z)-W',))+ f {n-arg{gt{z)-Vf{x))) p^{dx). 

J M-f- 


(8.1) 


This follows from the integration by parts formula for functions of bounded variation, and the integral expression 
for the harmonic extension of a bounded function on the real line. Note here that the integrals are well defined, 
since for each fixed t,z the integrands are continuous, bounded functions in x, and p^,p^ are assumed to be finite 
measures. Indeed, gt{z) and {x))xeR are adapted and differentiable, and we may also differentiate under the 
integral in (8.1 1 by finiteness of p^,p^. Therefore, we can deduce that all the terms in (8.1 1 apart from the only 
one, arg(gf(z) — Wt), involving Wt, are semi-martingales. Since T\t{z) is itself a local martingale, this means that 
wg{gt{z) — Wt) must also be a semi-martingale. Now, note that by Schwartz’s formula, we can write log(g,(z) — W)), 
up to a constant, as a linear functional (an integral against a test function) of arg(gf(z) — Wt). So log(gf(z) — Wt) 
is also a semi-martingale, and thus it’s exponential, and consequently Wt itself, must be a semi-martingale also. 
Hence we can write Wt '.= Mt — Vt for M a local martingale and V of bounded variation. 

Substituting this into the expression ( 8 .1 1 we see that, on intervals where W) does not collide with the Vf ' , the 
drift of 2r\t is equal to the imaginary part of 


2f^_pHdx)/{VtHx)-Wt) 

gtiz)-Wt 


dt -\- 


-2dVt 


d{Wt)-Adt , 2f^^p^{dx)/ {Vl^{x)-Wt) 


{gt{z)-Wt) (gf(z)-W))2 


+ 


gt{z)-Wt 


dt, 


which of course must vanish. Therefore, multiplying by {gt{z) —Wt)^ and evaluating at z such that gt{z) — Wt is 
arbitrarily close to 0, we can deduce that difWt) = 4dt. On subsequently removing the third term, we also find an 


expression for dVt, and can conclude fhaf Wt salisfies (2.1 1 in Definition 2.12 on infervals where Wt does nof collide 
wifh (he 

All fhaf remains is (o show fhaf we have insfanfaneous reflecfion of Wt off (he Vt^'^{x). If suffices fo show fhaf 
(he number of times (he curve 7 hifs (he real line has Lebesgue measure 0. However, fhis is always (he case for a 
continuous curve wifh continuous driving function, which we know for example by IlMSlfial Lemma 2.5]. 

□ 


Remark 8.2. We believe that Lemma 8.1 could be made into an if and only if statement if we strengthened Definition 
2.12 of an SLEk{p^',P^) process to also require that, almost surely. 


Vt{x)=x+ f 
Jo 


2ds 


Vt{x)-Ws' 


X E . 


Wf — y/lcBf I ds 


yt’^{x)=x+f 

Jo 

p^{dx] 


2ds 


+ ds 


Ws-Vf{x) Jo 


Vf^{x)-W/ 

f p^jdx) 
R^Ws-Vf^ix) 


X G . 


and 


(8.2) 


(8.3) 
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as in l\WW16y and hMS16a^ . 

That is, using the stronger definition, we could show that any such process can always be coupled with the 
Gaussian Free Field as generalized level line. This would also give us uniqueness in law for the SLE 4 (p^;p^) 
process among continuous curves. However, it seems that (8.2 > and (8.3) are hard to verify assuming only that 
{'^r(t){z)f ^ 0) evolves as a Brownian motion. 


Proof of Theorem [77^ Combining Theorem 1.2 with Lemmas 2.16 and 8.1 in the case that F is of bounded varia 


tion, we know that in the coupling {h, 7 ) given by Theorem 1.2 the marginal law of 7 is that of an SLE 4 (p^; p^) 
process. This gives us existence of the process. Moreover, we know the curve 7 is almost surely continuous and 


transient and also satisfies the reversibility property (3) of Theorem|1.6[ by Theorem|1.5[ 


□ 


Remark 8.3. 'We can also generalize the construction of flow lines and counterfiow lines to GEE with general 
boundary data. A similar approximating idea works for flow lines and counterfiow lines. Since the flow lines and 
counterfiow lines have a duality property, instead of reversibility as for level line case, some extra work is neeeded 
for the proof of monotonicity as in Section^ The details are left to interested readers. 

Remark 8.4. explained in the introduction, we restrict to boundary values satisfying Condition (HI throughout 
the paper. This condition guarantees that there is no continuation threshold. The continuity of the level lines when 
there does exist a continuation threshold is still open. 
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